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1 Introduction

Agents’ expectations about the future are central to all modern macroeconomic models. The
benchmark assumption in most modern macroeconomic models is that agents’ expectations are
rational, that is, that agents’ beliefs about the distributions of future variables coincide with the
actual distributions. However, it is still an open question to what extent households and firms have
rational expectations. This is an important question for understanding macroeconomic dynamics
because when agents’ beliefs deviate from rational expectations, the equilibrium dynamics of the
model may deviate significantly as well. In fact, the literature acknowledges that there is poten-
tially considerable explanatory power in considering situations where agents do not possess rational
expectations.

The literature has proposed a wide range of alternatives to rational expectations. The crucial
theoretical difficulty in considering deviations from rational expectations is that there is only one
way in which expectations can be rational, and a large universe of ways in which expectations can
deviate. While it is possible to assess one mechanism of expectations formation against another
using traditional notions of goodness-of-fit, the fact that the space of possible mechanisms is so vast
suggests that it might be useful to have additional reduced-form evidence to aid the creation and
selection of mechanisms. This paper seeks to provide such evidence.

Every theory which gives rise to a deviation from rational expectations implies some departure
of agents’ perceived laws of motion of economic quantities from the actual laws of motion. This
paper asks: For a given macroeconomic model, which perceived law of motion does the data favor
the most? To answer that question, this paper proposes a new equilibrium concept, the generalized
expectations equilibrium (GEE). In a GEE, the laws of motion that agents perceive to hold for var-
ious economic variables are represented by a set of functions of historical variables. The elasticities
of agents’ perceived laws of motion with respect to historical variables are taken to be parameters.

For a given macroeconomic model, a GEE allows agents’ perceived laws of motion to differ
from the actual laws of motion. For example, in a GEE, agents might believe that inflation is
more persistent than it actually is. In this example, the GEE specifies a “deviation” between the
actual and perceived law of motion that is larger in times when inflation is high. In equilibrium, this
“deviation” forces the actual law of motion away from the law of motion under rational expectations.
Consider the set of deviations between actual and perceived laws of motion. For each element in
the set of deviations, there is an associated actual law of motion. If these “deviations” are zero
for all aggregate states, an rational expectations equilibrium obtains as a special case. As long as
the perceived law(s) of motion (allowing for heterogeneity among agents’ perceptions) differ from
the actual, this causes the actual law of motion in equilibrium to differ from the actual law of
motion under rational expectations. This paper estimates the coefficients of the the perceived laws

of motion using Bayesian methods, effectively choosing among elements in the set of equilibrium



laws of motion defined by the set of possible “deviations.”! By putting relatively tight priors on the
elasticities, the GEE stays relatively close to a rational expectations equilibrium (REE). Estimating
a GEE allows us to see which state-dependent deviations are favored by the data under a given
model, once the assumption of REE is gently relaxed.

It is important to stress what the estimation identifies: it is the deviation from rational expec-
tations favored while maintaining the rest of a specific model as given. In contrast to other papers,
such as Milani (2007) and Milani and Rajbhandari (2012) which discuss how the estimates of the
the remainder of the “deep” parameters (not governing expectations) change when expectations
are no longer REE, I take the parameters not governing expectations as given. If the rest of the
model is mis-specified, the data will seize upon the reduced-form specification of expectations to
push against that misspecification as well.

There is a long literature testing rational expectations, both using macro and micro data. A sub-
set of this literature exploits surveys on expectations. There are estimates of the process that drives
expectations, such as Andolfatto et al. (2008) and Del Negro and Eusepi (2011), and investigations
of whether survey responses conform to various theories, such as sticky information in Branch (2007)
and Coibion and Gorodnichenko (2011). It’s not yet clear to what extent the expectations of various
surveyed agents (including the Survey of Professional forecasters, households (such as exploited in
Bryan and Palmqvist (2005)) or firms (such as in Bachmann and Elstner (2013))) are relevant for
the equilibrium relationships between macroeconomic aggregates as claimed in benchmark models;
if heterogeneity among households and firms is important, then there is perhaps a role for higher-
order expectations, aggregation wedges, and other distortions which are not captured in the surveys
themselves. While survey data on expectations can teach researchers a great deal, this paper will
give evidence on how much relaxing REE can improve on REE for benchmark models using only
macro data instead of working with surveys and forecasts directly.

Estimating a GEE is similar in spirit to a kind of structural VAR, in that both impose an ex-
tensive set of cross-equation restrictions. In contrast to the structural VAR, the GEE allows only
agents’ beliefs to be richly parametrized functions of historical variables; the rest of the benchmark
model is maintained as a set of identifying restrictions. One approach that is similar to the GEE
is the DSGE-VAR of Del Negro and Schorfheide (2004) and Del Negro and Schorfheide (2009). In
that approach, the tight restrictions of the DSGE model are relaxed in the direction of the richly
parametrized but reduced-form specification of a VAR. The GEE also relaxes the cross-equation
restrictions of a DSGE model under REE, but does so in a way that is more restrictive than a
DSGE-VAR. In the DSGE-VAR, every equation in the model is relaxed towards a reduced-form lin-

In this way, estimating a GEE is similar in spirit to estimating the “wedges” in a “Business Cycle Accounting”
exercise, as in Chari et al. (2007). While both exercises are silent on specific structural interpretations of the
deviations from the benchmark model, they both seek to provide some empirical guidelines for future theories. One
important difference between the two approaches is that the “deviations” in a GEE are not wedges that change the
allocations at a given point in time; they are functions of lagged states that change the equilibrium saddle path for
the economy.



ear relationship. In contrast, the GEE only introduces deviations where expectations enter into the
DSGE model. Since the GEE does not introduce any deviations to equations which capture exclu-
sively contemporaneous relationships, all equations without expectations are preserved. Therefore,
the nature and degree of misspecification that a GEE (and hence, any theory of deviation from
REE) can address is limited.

This paper works with two workhorse monetary macroeconomic models: the small New Key-
nesian model and the medium-scale model of Smets and Wouters (2007). First, this paper derives
the GEE of the small New Keynesian model and demonstrates some equilibrium consequences of
nonzero “deviations” from rational expectations. Second, this paper shows that several theories of
non-rational expectations in the literature entail state-contingent deviations from REE. As illustra-
tive examples, this paper considers sticky information of Mankiw and Reis (2002), constant-gain
learning, from Evans and Honkapohja (2001), Milani (2007) and others, diverse beliefs as in Kurz
(2012), and sentiments-based models of Angeletos and La’O (2009), Angeletos and La’O (2011),
Angeletos and La’O (2013), and Angeletos et al. (2014). I use log-linearizations of these theories
to argue that the GEE is a parsimonious representation that might capture some of the state-
dependent deviations that these and other (potentially as-of-yet unexplored) theories might entail.
I do not present these theories to establish a horse race, but only to stress that the reduced-form
deviations in the GEE can capture a wide variety of theoretical mechanisms.

The primary contribution of the paper is to identify which misspecification can and cannot be
ameliorated by entertaining deviations from rational expectations, especially in a way that can
inform existing and future models. I show that the posterior distributions of some of the elasticities
of the state-contingency of beliefs are comfortably away from the null of rational expectations, and
that the impulse responses of output, inflation and the interest rate to shocks are different as well.
Specifically, the data favor deviations from REE that are observationally equivalent to firms over-
estimating the persistence of inflation; once inflation is high, firms in a GEE expect it to stay higher
than what will actually prevail.

In terms of reproducing spectral properties of observed time series, relaxing rational expecta-
tions in a New Keynesian model partially substitutes for the additional structural mechanisms in
the larger Smets Wouters (2007) model. Additionally, relaxing rational expectations within the
Smets Wouters (2007) model improves upon that model’s ability to reproduce some of the spectral
coherencies between output growth, investment growth, and labor supply.

The mechanism for these improvements is a combination of shocks to beliefs themselves and the
role that deviations from rational expectations have in changing the propagation of other structural
shocks. A variance decomposition exercise shows that shocks to beliefs among firms who set sticky
goods prices can explain between 25% and 30% of the variance of output growth, inflation, and the
interest rate. Additionally, the share of total variance explained by shocks to the goods and labor
markup drops dramatically under a GEE vs. REE, and the change in the propagation of technology

shocks results in their explaining an larger share of output and inflation under a GEE vs. REE.



This paper demonstrates what explanatory power one might hope to gain in macroeconomic
models by considering deviations from rational expectations. What is the reduced-form evidence on
which deviations might achieve the greatest increase in explanatory power? What misspecification
can small deviations from rational expectations address, and what misspecification can they not?

This paper presents novel empirical evidence to answer these questions.

2 The Generalized Expectations Equilibrium

In this section, I define the Generalized Expectations Equilibrium (GEE) and demonstrate some

of its properties within a benchmark New Keynesian model.

2.1 Notation and definitions

In what follows, I first define the GEE over a generic model, then contrast the GEE with a
rational expectations equilibrium (REE) for the same generic model. The notation in this section
is meant to be fairly general, encompassing a wide class of DSGE models. First, let X; be a K-
dimensional element vector, with elements indexed by k = 1...K, of all variables in the model,
both endogenous and exogenous, and let ¢, by the vector of exogenous shocks. The equilibrium
conditions are then a set of equations. Let {F", },—; n be a set of equations that take as inputs
(Xt41, Xt, X¢1,€), which includes forward-looking variables X; ;. Let F° be a set of equations
that do not include forward-looking variables. The collection {{F", };—1 n, F°} defines a benchmark
DSGE model.

Definition 1 A rational expectations equilibrium for a collection {{F", }i—1. n, F°} is a law

of motion gFFE(. ) for X and € such that:

1. Vt, X, = g®FE(X,_1,¢). Let E; denote the expectation operator with respect to the law of

REE

motion g and the true distribution for €.

2. Vi,0 = E,F (Xe1, Xo, Xeo1, &)
3. 0 = FO(Xt,Xt_l, Gt)

A GEE is a flexible departure from REE in the following way: for each equation i with forward-
looking variables, we suppose that the actual laws of motion for these quantities are distorted by
a time-varying deviation from REE I'¥, which defines an expectation operator under the distorted
law of motion E'tz E~tif(Xt+1) = E,f(T'X;y1). Thus, we can write any DSGE model in the form
0= EIF (X1, Xy, Xy_1,€) for a collection of i and 0 = FO(X,, X,_1,¢), for the set of equations

Iy that have no forward-looking variables.

Definition 2 A generalized expectations equilibrium for a collection {{F",T"};—1 n, F°} is

a law of motion g9FE(-,-) for X and € such that:
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1. Vt, X, = ¢°FF(X,_1,¢). Let E, denote the expectation operator with respect to the law of

motion ¢FF and the true distribution for .
2. V1,0 = E{F (Xps1, Xp, X1, €0) = B F (0 Xei1, Xo, Ximrs )
3. 0= FO(Xt, Xt—la Et)

4. T =T4(X;, X, T0 | e)

The first condition of Definition 2 states that the equilibrium law of motion ¢“FF is the “true”
law of motion for the variables in the model. If an econometrician were to observe all elements
of X, simulated from the equilibrium law of motion, then with enough observations he or she
could estimate and recover ¢g“FF from data. However, it is not necessarily the case that agents
in the model can do this; the second condition states that for equation i, there is some either
mistaken belief, or aggregation wedge, or higher-order belief such that the law of motion for X, is
distorted by factor T'!. The third condition states that the equilibrium conditions for all equations
which impose contemporaneous restrictions between endogenous variables are unchanged, relative
to REE. Finally, the fourth condition states that the deviation I'¢ follows its own law of motion.

Definition 2 achieves three goals: 1) The expectation operator E; with respect to the equilibrium
law of motion for X; obeys the law of iterated expectations®’. 2) REE is a special case where
[ = 1Vi, t. 3) The set of possible ' is observationally equivalent to a wide range of deviations from
REE, encompassing both those where beliefs themselves are different in a unified way across agents,
and models where heterogeneity in beliefs leads to aggregation wedges, or higher-order beliefs.
Section 2.2 describes a benchmark New Keynesian model and Section 2.3 discusses several theories

that are approximately observationally equivalent to Definition 2 within that New Keynesian model.

2.2 GEE within a New Keynesian model

The New Keynesian model is one of the workhorse models of modern monetary macroeconomics.
Since it is so widely studied and used to understand policy, it is a natural starting point for exploring
meaningful deviations from rational expectations within DSGE models.

Households supply labor L; to firms, earn nominal wages W, receive nominal profits II; from
firms, hold nominal assets B;, and consume C}. There is a representative household. Because there
is no heterogeneity among households, all households share the same deviations in beliefs. Following
Coibion et al. (2012), households are subject to a rate spread shock b; which drives a wedge between

the return households earn on their nominal assets and the central bank’s risk free rate.

2Mavroeidis et al. (2014) raise concerns that in general, non-rational expectations may not satisfy the law of
iterated expectations; the assumption taken here only says that whatever process that gives rise to a deviation from
REE only has to admit a set of deviations I'* that can be represented as function of current and lagged variables Xj.



The representative household’s maximization problem is:

Cl oc (1 . Ltl-i-az
EY 4 oot L 1
Ct,rgi)f,lzt OZE (1_00 1—|—Ul) ( )
s.t. PtCt -+ BtJr]_ S BtbtflRtfl + WtLt -+ Ht (2)

A final-good producing firm aggregates intermediate goods into a composite final good
using a CES technology. It yields the standard demand function for intermediates relating the
relative price to relative output and the elasticity of substitution between intermediates. Since this
problem is intratemporal, deviations in this firm’s beliefs over future variables are not relevant for

equilibrium.

maXPt}/; — /Pi,t}/;,tdi (3)

Py, Pt

1+
s.t.Y, = (/Yjﬁpd) (4)

Intermediate-good firms hire labor L; to produce output using a linear technology, where
productivity grows at a constant rate . They sell to the final-good producing firm taking the
demand function for their good as given. They are subject to Calvo pricing frictions with persistence
parameter &,. Since the standard Calvo setup entails a tradeoff between profit over the entire lifetime
of the stuck price, beliefs over future profits influence the price set today. The firm discounts future
profits using the marginal utility of consumption of the representative household. For a firm that

can set a new price F;; at time ¢, its maximization problem is:

ng?tht ZO S;Et-i-j (PitYit4i — OryiYiitj) ()
J:
Pz' —(14+2p)/Ap
s.t. }/i,t—l-j = }/H-j (P ! ) (6)
t+j

In equilibrium, the central bank follows a Taylor Rule, and the market-clearing conditions are
standard. The equilibrium is stationary when the appropriate variables are scaled by the growing
level of productivity. The full set of equilibrium conditions, including all first-order conditions from
households and firms, are listed in the Appendix.

The two equations in which expectations are relevant are the household Euler equation and
the intermediate firm’s pricing decision. Let p denote the firm’s desired relative price at time
t, let m; denote inflation at time ¢, let r; denote the real return on bonds, and let & denote the

household’s marginal utility of consumption. In a log-linearization, where variables with hats denote



log-deviations from steady state, these two equations are:

1 9 SprB 2 ~
1_ fp’yﬁpt =0+ _ fp’YBEt [pt+1 + 7Tt+1] (7)
ét = Bt + 7+ Et [étﬂ - 7Aﬂt+1] (8)

What are all the variables to which deviations in beliefs might apply? For the representative
household, the relevant variables are the household’s future marginal utility of consumption &4
and future inflation. For the representative firm, they are future inflation and its future desired
price. As shown in the Appendix, it is not possible to identify deviations in beliefs over all of
these objects simultaneously in a linearized model. The objects that can be identified are 1) the
household’s deviation from REE about its own stochastic discount factor, and 2) the firm’s deviation
from REE on its future nominal desired price. Denote the first by ftH and the second by f‘f A
log-linearization and some algebra yields the standard New Keynesian model, augmented with the

terms I, or the log-difference of the deviations from their steady states.

(1- ipﬁ)(l - fp)(l + o1)

= ¢ (G — au) + BEy [mpq] + (1 — fp)ﬁff (9)
D

Uy = _Bt — 7+ By [Yig1 + T + ffi (10)

ft - prft—l + (1 - p’r’)(rA: + ¢7r7Art + gby(:&t - g:)) + ér,t (11)

Ay = Pali—1 + Eq (12)

Bt = pbgtfl + Epy (13)

Note that households’ deviated beliefs enter in the “New Keynesian IS curve,” since that curve is
derived from the household Euler equation. Firms’ beliefs enter in the “Phillips curve” since it that
curve derived from firms’ pricing decisions. It remains then to specify the laws of motion for the
deviations. Assume that in a log-linearization, these are just linear function of lagged observables

and lagged realizations of the deviations themselves.

K

' = Z (ngﬂt—k + kaft—k + Ff,kﬁtfk + Fg,krﬁk) (14)
k=0
K

£ = 3 (D + Dfics + Dy + TELEE ) (15)

i

0

2.3 GEEs and theoretical departures from REE

When taken to the data, the state-dependency of the belief deviations I'? is represented parsi-
moniously as a linear function of the history of observed variables and an autoregressive term. In

this section, I motivate such a representation by appealing to several theories of departures from



REE: near-rational equilibrium (Woodford (2010)), sticky information (Mankiw and Reis (2002)),
constant-gain learning (Evans and Honkapohja (2001)), sentiments (Angeletos and La’O (2013)),
and diverse beliefs (Kurz (2012)). The GEE is too simple to nest all of these theories exactly,
even in a linearized approximation. But the GEE can at a minimum approximate a wide range
of theories, each with different foundations and implications. As such, the theories in this section
should give the reader a non-exhaustive framework in which to interpret the empirical results later

in this paper.

2.3.1 Woodford’s robust monetary policy

Several recent papers (such as Woodford (2010) and Woodford (2013)) have explored the concept
of deviations from rational expectations within the setting of robust policy setting. In these papers,
the private sector (households and firms) hold beliefs that are subject to “distortion factors.” These
distortion factors are not the result of a completely specified theory of expectations formation,
but instead represent policymakers’ uncertainty regarding the private sector’s beliefs. Namely,
the distortion factors are random variables m;;; > 0 such that Fy[m;,1] = 1, and Et[Xt—H] =
Eymy1Xi41]. The extent of policymakers’ uncertainty is captured by the relative entropy of the
distortion factors under the expectations operator E;: Ry = E;[myy1logmyyq]. The smaller Ry, the
more tightly the private sector’s forecasts will coincide with those under the expectations operator
E;. In this sense, for small R;, beliefs are constrained to be “close” to rational expectations. This
is done so the central bank can solve for optimal monetary policy as a robust control problem: the
policymakers acknowledge that private sector beliefs may be misspecified, but are not willing to put
any additional structure on why or how beliefs may be misspecified.

While it is conceivable that real world private sector’s beliefs may be in fact very far from
rational expectations, the exercise performed by Woodford still teaches us how robust our model-
based inferences are to bounded deviations from REE. The GEE also is meant to assess the extent
to which REE contributes to misspecification. For that reason, I focus on models that are close to
REE. To achieve that, beliefs in a GEE are expressed in terms of deviations from REE, and the
empirical estimation of those deviations entails priors over the size those deviations that can be

adjusted much like the relative entropy R; can.

2.3.2 Sticky information

The sticky information model of Mankiw and Reis (2002), explored in more detail in a wide
variety of applications, including Mankiw and Reis (2007), Coibion (2010), and Coibion and Gorod-
nichenko (2012), has largely been proposed as a replacement for sticky prices. However, to approx-
imately nest a sticky information model as a GEE of the New Keynesian model, it is necessary to
maintain the assumed nominal rigidities and relax only the assumption of rational expectations.

The theory of sticky information assumes that agents can only update their information set



each period with a fixed exogenous probability A. Assume that the information arrival process is
independent of the Calvo process. Firms that have not updated their information set continue to
make decisions under their outdated information set. The probability that a given firm will have
an information set k periods old is A(1 — A\)*. Aside from the dates of the information sets, there
is no other departure from rational expectations, such as learning or higher-order beliefs. In other
words, a firm whose information set was formed in period ¢t — k simply evaluates its expectations
according to the operator B, = E;_j.

The linearized belief deviation I'; is a weighted average? of the k-period-ahead forecast errors
(B — Ey) <(1 — ﬁﬁp))ﬁt + ﬂﬁp(ﬁtﬂ + ﬁt+1)). To the extent that a finite autoregressive process

for I'; is a reasonable approximation® to the weighted average of forecast errors, the GEE can

approximately nest the predictions of a model with sticky information.

2.3.3 Learning

The assumption that agents learn about the functioning of the economy over time as they observe
more data has been explored by many authors (e.g. Evans and Honkapohja (2001), Milani (2007),
and Milani and Rajbhandari (2012)). Under this assumption, agents act as econometricians: they
observe only a history of observations, and form beliefs over the laws of motion for those variables
which change over time as the history of observations grows.

More concretely, the log-linearized perceived laws of motion® for observed variables X, from
beliefs v*( Xy, €,41) are:

Xeor = 45 Xe + &t (16)

Each period, the agents’ beliefs are described by an estimate of the autoregressive component

of the law of motion®, %'Ct’ and the precision of this point estimate. Denote this precision matrix
;x,t‘
agents’ Bayesian prior over the autoregressive component of the law of motion, with the estimate

The precision matrix can be thought of as the inverse of the covariance matrix which describes

%gt representing the mean of that prior.
Over time, agents observe more realizations of X;. With each new observation, they update

their prior over the autoregressive component of the law of motion. Constant-gain learning implies

3Derivations are given in the Appendix.

4As an example of the lagged expectations rational expectations models considered in Wang and Wen (2006),
the quantity T'F admits an M A(co) representation in equilibrium. In practice, Wang and Wen (2006) show that
truncating this to a finite-order MA(N) representation reasonably approximates the equilibrium dynamics of a sticky
information model. In contrast, this paper assumes that the deviations follow an autoregressive process with a small
number of lags, which is both more parsimonious and more conveniently represented in state-space form.

5Here, expressed as log-deviations from steady state values of X.

6T have suppressed the coefficient 4%, under the assumption that agents, like econometricians, may not be able
to directly observe every exogenous process, and therefore may not be able to directly identify structural shocks
without additional assumptions.
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a law of motion for both the mean and precision of the agents’ prior beliefs that is a function” of
both the states which are hidden to the econometrician, (%},t, S§X7t), and the history of observed
X;.

The implied GEE belief deviations are the differences between the time-varying coefficient on the
perceived law of motion and the actual law of motion: fth = Ak ,— 95" Since the coefficient 4% , is
a function of hidden states and lagged observables, the law of motion for f‘ZXt can be parsimoniously
approximated as a linear function of lagged state variables both observed and unobserved by the
econometrician. In the GEE estimated in this paper, the belief deviations are functions of only one
unobserved state each: the belief deviation itself. The inclusion of the deviation as state variable
(that is, assuming that the belief deviation is a function of lagged values of itself in addition to
other state variables) allows the GEE to approximate theories that include hidden states, such as

models of learning.

2.3.4 Diverse beliefs

Several theories feature heterogeneity of beliefs among agents. One such example is Kurz (2012).
In this approach, there is not a representational household or firm holding mis-specified beliefs over
the laws of motion of economic aggregates, but instead a wide range of perceived laws of motion
held by the population of households and firms.

Kurz (2012) gives a version of the New Keynesian model with diverse beliefs, and shows that
belief diversity introduces two major changes relative to rational expectations to the IS curve and
the Phillips Curve:

Gt = Ey(Gs1 + Fg1) + Ou(6) — 7 — by (19)

e fﬁgl “BE) (1 4 )G — ) + BB (e + (1 - £)84(5)) (20)

There are two sources of deviations. First, there are wedges ®;. The differences between
individual forecasts of aggregate conditions and individual forecasts of individual decisions gives
rise to heterogeneity in individual consumption and pricing decisions. Aggregating these individual
consumption and pricing decisions gives rise to the wedges ®;: ®,(¢) = fol (Ei (¢.,) —E} (ét+1)> dj,
where 7 € [0, 1] is the index over the continuum of heterogeneous households, ¢; represents aggregate

consumption, and éZ represents individual j’s consumption®. Second, the average belief F;, = fol Ef dj

"Namely,
ﬁ/g(,t = ﬁ/g(,tfl + g(S@X’t)_lxt(thl - (’%’(,tfl)lxty (17)
S”Lyx,t = S’Zyx,t—l +§(XtX; - S’Zyx,t—l) (18)

where X, is the vector of observations (Xi...X;), and g is the constant-gain parameter controlling the weight agents
give to additional informations in updating their beliefs.
8®,(p) is defined similarly, aggregating over firms and their desired prices p.
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is not an expectation with respect to a single probability distribution, and hence does not obey the
law of iterated expectations.

Theorem 2 of Kurz (2012) shows that there are finite state-space representations of both the
wedges @, and the difference between the mean expectation F; and the expectation with respect to
the actual law of motion Fj;. Since there is a well-defined state-space representation for these wedges,
they are observationally equivalent (in a log-linear world) to the GEE’s assumption of expectations
by a representative household and a representative firm with respect to a mistaken law of motion,
where the law of iterated expectations applies. Therefore the GEE is able to nest settings where
there are a diversity of beliefs, and the deviation represents both the mis-specification of beliefs

themselves and the consequences of aggregation across a heterogeneous group of agents.

2.3.5 Higher-order beliefs

As another example of heterogeneous beliefs, consider high-order beliefs, that is, settings where
agents’ beliefs about other agents’ beliefs can drive macroeconomic dynamics (e.g. Angeletos and
La’0O (2009) and Angeletos et al. (2014)).

Specifically, Angeletos et al. (2014) assume imperfect knowledge about shocks to productivity.
Each household observes a private signal about each innovation to productivity, but assumes that
the private signals that other households get are biased. Specifically, if x;; is the private signal that
agent ¢ receives about TFP a,, then that agent ¢ believes that signal is unbiased: x; = a;+¢;, where
€ir ~ N(0,0%), but agent i also believes that the signals that other agents get are not unbiased:
€jt ~ N (¢, 0?).

This particular treatment of high-order beliefs yields a tractable equilbrium, where the policy
rule for the aggregate capital stock is only altered by the presence of a single additional state
variable, 1;, which effectively summarizes the total effects of all higher-order beliefs. Furthermore,
the law of motion of v, is a first-order autoregressive process with a shock (; that is independent
to other structural shocks in the economy.

The example illustrates two points motivating the specification of the GEE. First, there may be
shocks (such as (;) which drive the belief deviations that are also independent of other shocks in the
economy. Second, and more fundamentally, the misspecified beliefs in a GEE may not necessarily
be on the laws of motion regarding observables, but also potentially on unobservable quantities such

as other agents’ beliefs.

2.4 GEE: altering the impacts and propagation of shocks

The belief deviations in a GEE add a new set of shocks to the benchmark model, and they change
the propagation of existing shocks. This section gives a sense of the range of possible changes in
the equilibrium propagation of shocks within the benchmark NK model.

Consider a simplification of the New Keynesian model introduced earlier: suppose that there
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is no autocorrelation in the Taylor rule (pr = 0), and suppose that all deviations are functions of
contemporaneous inflation, contemporaneous output, and a shock alone. That is, equations (14)
and (15) become:

ffl = Ff@t + Ffﬁ't + €rH ¢ (21)
ff = F;yt ‘I— Ff'ﬁ't + EFF,t (22)

Some algebraic manipulation (in the appendix) reveals a set of equilibrium conditions that are

identical to that of the canonical New Keynesian model, with the exception of the deviations I'.

23
24
25

T = k(G — @) + BE [rea] + (1= &)BLT (23)
G = —bi — Fr + By a1 + frea] + T (24)
Fr = prfi—1 4+ (1= pr)((pa — Daz + afte + &y (G — ar)) + Ert (25)
at = Pali—1 + Eap (26)
(27)
(28)
(29)

by = pybi_1 + Ept
rf = L) g+ Uit + epm

Lf =Ty + i+ erry

The parameter ' = a—aﬂFH (7) is the elasticity of the belief deviation in the household Euler
equation with respect to current inflation, evaluated at steady state. Holding households’ beliefs on
their future real consumption constant, and abstracting from aggregation wedges or higher-order
beliefs, this is the deviation of households’ beliefs about future inflation with respect to current
inflation. Consider the case where I'! > 0. When households observe positive inflation, they
expect more inflation tomorrow than will actually occur. Accordingly, households will believe they
are facing a lower real rate of return on their saving than they actually will.

Similarly, holding firms’ beliefs on their future marginal costs and households’ marginal utilities
of consumption constant, and likewise abstracting from aggregation wedges or higher-order beliefs,
the parameter I'Z is the elasticity of the deviation of firms’ beliefs about future inflation with respect
to current inflation. Consider the case where I'Y > 0. When firms observe inflation today, they
will expect more inflation tomorrow than what will actually happen. As a result, firms have an
incentive to set a higher price today, believing that they will face higher inflation in the future than
they actually will.

The solution for GEE will be a set of policy functions for (g, 7y, 7;) that are linear in current
exogenous states. For example, ¢, = ¢gYa; + ggi)t + g¥é,4 + ghérn  + grérr,. The method of un-

determined coefficients yields algebraic solutions for the coefficients ¢g°: The full algebraic solutions

9Note that there are no lagged state variables in this radically simple example. Each endogenous quantity is
entirely a function of contemporaneous shocks.
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for the policy functions are given in the appendix. For illustration, consider a technology shock.

gs =1+ (0 (1= BT (1= &)) + BTy (1 = &)(T7 — ¢n))/c (30)
ga = (0w + BT (1 = &)1+ ¢,)) fc (31)
92 = Pa — 1+ ¢y(gg - 1) + d)wgg (32)

In the third equation above we can see the effects of an equilibrium condition that the GEE does
not relax: the Taylor Rule. In a GEE, the endogenous response of the interest rate to shocks,
conditional on the responses of output and inflation, is the same as under REE. The first and
second equations, however, show how the state-dependency of the belief deviations (T'F F5 , ete)
alter the responses of output and inflation to a technology shock. Figure 1 plots the coefficients
of the policy rule describing the responses of output, inflation, and the interest rate to shocks to
technology, monetary policy, and beliefs as functions of the elasticities I'Y, I'Y, T'[', and '}, under
standard parameter values. When the parameters I'Z T'F Ff , and F5 are all equal to zero, REE
obtains.

Increasing ' is observationally equivalent to supposing that when households observe inflation
above steady state in period ¢, they believe that inflation in ¢ + 1 will be greater than what it
will actually be. Increasing I'Y’ has the same interpretation, but for firms. Increasing Ff or F5 is
observationally equivalent to a similarly mistaken view about future inflation among households or
firms, but conditional on output being above steady state in period t.

Consider a positive technology shock. Under REE, a technology shock has no impact on inflation
or the output gap, since the Taylor Rule stabilizes both. In contrast, a technology shock can induce
movements in both inflation and the output gap under GEE. As long as Ff and F5 are both equal
to zero, the equilibrium response of inflation will be zero, no matter the values of ' and T'Y". This
result holds because because the central bank never allows any amount of inflation in response
to technology shocks in this case, so there is no role for the belief deviation based on observed
level of inflation following a technology shock. However, once either Ff or Ffj are different from
zero, the increase of output in time ¢ following a technology shock will lead either households or
firms to believe there will be greater inflation in time ¢ than what will actually prevail, regardless
of how well the Taylor Rule works to stabilize inflation. If Ff > 0, then at every point in time,
households consistently over-estimate inflation, given that output is high from the technology shock.
Effectively, they under-estimate the real return on their savings, and increase their consumption
in period t over where it would be under REE. If FyF > 0, firms over-estimate the inflation that
follows an increase in output. In this case, a technology shock will lead firms to set a higher initial
price than they would have under REE. This causes positive inflation contemporaneously with the
technology shock. The belief deviations have introduced a time-varying wedge that the Taylor Rule
cannot fully accommodate; inflation arises even in response to a technology shock.

Consider a positive monetary policy shock €.. Under REE, the higher interest rate induces
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households to save more, and output falls. Inflation also falls as the interest rate increases. Since
the shocks have no persistence, households would expect no inflation in the period after the shock
under REE. But when I'2 > 0, households observe a fall in inflation contemporaneously and believe
the inflation rate will be even lower than will actually obtain. As a result, households expect further
disinflation and save more than they would under REE. With greater saving, the fall in output is
larger. At the same time, the contemporaneous disinflation is larger. Because the responses of both
output and inflation are larger, the monetary policy shock raises the interest rate less than it would
under REE.

The effects of a positive monetary policy shock also change when firms’ beliefs deviate from
REE. When T'f" > 0, firms observe a fall in inflation contemporaneously and believe the inflation
rate will be lower than will actually obtain in the next period. As a result, the firms who can
update their prices immediately will set a lower price than they would under REE. Firms’ belief
deviations amplify the contemporaneous disinflation from a monetary policy shock. This stronger
disinflation results in a weaker contemporaneous response of interest rates to the monetary policy
shock through the Taylor rule, giving households less incentive to save. This causes the fall in
output to be more moderate than under REE.

Finally, consider shocks to the belief deviations themselves. The intuition for these shocks is
very similar to belief deviations that arise as consequences of contemporaneous changes in output
or inflation: when households suddenly and exogenously believe that inflation is going to be high in
the future, then they will save less and consume more for every nominal interest rate. This increases
current output, driving firms to raise prices and the central bank to raise the interest rate. When
firms suddenly and exogenously believe that inflation is going to be high in the future, this leads to
an increase in the price set by firms who can adjust their prices; the central bank raises the interest
rate in response, which leads to a decline in consumption contemporaneously.

Figure 1 illustrates the means by which the elasticities I" are identified from the data: they both
change the propagation of existing shocks, and provide a new set of shocks to the model. While
the deviations do not necessarily have to represent mistaken beliefs on inflation (for example, they
could be the consequence of aggregation wedges or higher-order beliefs), interpreting the deviations

as mistaken beliefs directly yields changes in equilibrium dynamics that are intuitive.

3 Estimation

3.1 Estimation strategy

The GEE for a given model is a parsimonious representation of many possible deviations from
rational expectations. The parameters that vary between the various non-REE nested within the
GEE are the elasticities of the belief deviations with respect to lagged observables and lagged

deviations. The empirical strategy of this paper is to estimate these elasticities using Bayesian
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Figure 1: Coefficients on the policy functions for the interest rate #, output § and inflation # to a technology
shock @, a monetary policy shock ¢,., shocks to household belief deviations erz, and shocks to firm belief deviations
err. These coefficents are plotted as functions of T'H | the elasticity of the deviation of households’ beliefs on future
inflation with respect to current inflation, 'Y, the elasticity of the deviation of firms’ beliefs on future inflation with
respect to current inflation, I‘f , the elasticity of the deviation of households’ beliefs on future inflation with respect
to current output, and I‘5 , the elasticity of the deviation of firms’ beliefs on future inflation with respect to current
output, holding the other agents’ belief deviations at 0. ' =T = I‘f = Ffj = 0 represents rational expectations.

methods (as in Smets and Wouters (2003), Schorfheide (2011), and Guerrén-Quintana and Nason
(2012)), while calibrating the rest of the model parameters to values estimated under REE.

As in any empirical exercise, identification is a central concern. Recent work (see Canova
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and Sala (2009) and Schorfheide (2011)) has addressed the particular concerns that arise in the
Bayesian estimation of DSGE models. I rely upon the techniques of Iskrev (2010) to numerically
assess whether there is sufficient information in the density of the data under the model to identify

the elasticities of the belief deviations.

3.1.1 Comparison with DSGE-VAR

The set of equations (9) through (15) defines the GEE. These seven equations combine the
structural content of the New Keynesian model with the reduced form specification of the belief
deviations. The reduced form specification of the belief deviations effectively relaxes the cross-
equation restrictions imposed by the structural equations. Another empirical strategy, the DSGE-
VAR of Del Negro and Schorfheide (2004) and Del Negro and Schorfheide (2009), also combines
the tight restrictions of a structural model with a more richly parametrized specification. Since
the DSGE-VAR has also been used to explore DSGE model misspecification, it is worthwhile to
highlight the differences between the two approaches, both in terms of assumptions and in terms of
application.

To estimate a DSGE-VAR, one estimates a VAR using Bayesian methods, while imposing a prior
on these coefficients by using synthetic data simulated from a DSGE model. If the prior accords
heavy weight to the data simulated from the DSGE model, then the estimated VAR coefficients
will be very close to those implied by the DSGE model. In this case, the “deviations” between the
DSGE-VAR and the coefficients implied by the DSGE model alone will be small. The less weight
accorded by the prior to the DSGE restrictions, the larger the “deviations” will be and the more
the DSGE-VAR will resemble a VAR.

The GEE also relaxes the cross-equation restrictions of a DSGE model under REE, but does so
in a way that is more restrictive than a DSGE-VAR. The first difference is that the GEE fixes the
parameters of the DSGE model and the prior weight on the deviations!'®. This is in contrast to the
DSGE-VAR approach (e.g. Cole and Milani (2014)), which estimates these parameters together
with the deviations. The second difference is where the deviations appear in the set of equations to
be estimated. In the DSGE-VAR, cross-equation restrictions in all equations are relaxed towards a
reduced-form linear relationship. The GEE approach preserves more cross-equation restrictions in
two ways: a) since the GEE does not introduce any deviations to equations which capture exclusively
contemporaneous relationships, all equations without expectations are preserved; and b) depending
on further assumptions on how heterogeneous beliefs are allowed to be between agents, and which
variables agents are allowed to have non-REE beliefs over, there could be extensive cross-equation
restrictions placed on the deviations themselves. The usefulness of these additional restrictions is
to give the data greater leeway only in the specific equations that would be affected by a potential

departure from REE.

107 leave for future work an exploration of the data’s guidance towards the selection of the prior weight.

17



For example, consider the household’s Euler equation:

A

Gt = —t + E[ferr + fea] + TF — & (33)

With uninformative priors over the elasticities of I'"! with respect to observables, those elasticities
are allowed to take any value, effectively overwhelming any identification from the structural pa-
rameters in the rest of the equation. As a result, under uninformative priors, every equation with
an expectation in it (like the Euler equation above) would become an unrestricted linear function
of lagged observables and hidden minimum state variables, with the belief wedge introduced as an-
other hidden state. The collection of equations describing the entire model would assume the form
of a kind of hybrid of the original model and a VAR with hidden states, where only the equations
that lack any expectations operators would retain any structural content.

With relatively tight priors, I ensure that what I estimate is close to 1) the original model and
2) REE. Tight priors effectively put a small state-contingent noise term in every equation that has
an expectation in it. The robust policymaker of Woodford (2010) puts an entropy ball around REE
and performs robust control over that set; this exercise puts a prior around REE and estimates the

state-contingency of the deviations.

3.2 Estimating GEE under canonical NK

The goal is to estimate the state-contingency of a wedge in beliefs that is small enough to be
a “local” departure from REE. First, I estimate a set of parameters (such as the discount factor,
the Calvo price survival probability etc.), under the assumption of REE. Table 3 describes this
estimation. For the sake of consistency with the medium-scale DSGE model to follow, the priors
for these parameters are taken from Smets and Wouters (2007). Second, I estimate the elasticities
of the belief deviations in GEE, fixing the non-GEE parameters to their posterior modes in Table
3. For identification of the GEE, I calibrate the standard deviations of the shocks to the belief
deviations to be the same order of magnitude as those of the other shocks.

The belief deviations could arise from a variety of sources. In the most generic interpretation,
it is plausible that the deviations differ significantly between households and firms, because 1) the
beliefs are over different objects (firms over their desired relative price, and households over their
marginal utility of consumption) 2) the information frictions or aggregation properties between the
two sets of agents might differ significantly. Recognizing the wide range of possibilities for the
presence of belief deviations, I estimate the elasticities for I and T'¥ separately.

I also entertain an alternative identification of the belief deviations that supposes that the
deviations are the same across the two equations. I call these deviations “unified beliefs,” and
denote them with V. One immediate interpretation of why beliefs deviations might be unified over
different agents’ beliefs over different objects is that these deviations represent a shared belief over

future inflation, the variable that is common to both belief deviations in the NK model.
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The posteriors for the elasticities of the belief deviations are described in Table 3. The prior for
each elasticity is normal, with mean 0 and standard deviation 0.20. These parameters are identified
under the moment rank conditions described in Iskrev (2010) and Ratto (2008). The observation
equations and data are also taken from Smets and Wouters (2007).

Among the elasticities estimated for the NK model, only a few take on values where the 90%
credible interval does not include zero. Under the assumption of unified beliefs between households
and firms, these elasticities are with respect to current inflation (negative), lagged inflation (posi-
tive), and twice-lagged inflation (positive). Once beliefs are allowed to differ between households
and firms, the pattern changes. The elasticity of household belief deviations with respect to current
inflation is significantly negative, as in the case with unified beliefs, but the same does not hold for
firm belief deviations. Firm belief deviations have elasticities that are significantly different from
zero for lagged inflation (positive), current output (positive), and lagged output (negative). Addi-
tionally, firm belief deviations are persistent, with an autoregressive coefficient of 0.848. Interpreted
as evidence on the most promising empirical direction for a theory of departures from REE, these
point estimates represent the state-contingency of the belief deviations that the data favor.

Since these deviations operate over the timespan of every shock, their net effect in equilibrium is
not immediately obvious, but they do cause the equilibrium response to shocks to differ significantly
from REE. Figure 10, in the Appendix, gives the impulse responses of output, the interest rate,
and inflation to each of the shocks, both under the estimated GEE (under beliefs that are not
unified across agents) and under the benchmark REE. The shock whose effects depart the most
from REE is the technology shock, shown in Figure 2. The basic intuition for this result is that,
under REE, the Taylor Rule keeps variation in the output gap, the interest rate, and inflation very
small under technology shocks. However, the belief deviations introduce a time-varying wedge. As
a result, technology shocks give rise to fluctuations in the interest rate and inflation that are much

larger than those under REE. At the same time, the impacts of technology shocks on output are

dampened.
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Figure 2: Impulse responses to a technology shock under GEE (with posterior credible interval shaded) and REE
(dashed), New Keynesian benchmark. The estimated sensitivity of belief deviations to lagged output, combined with
a very high estimated persistence to technology, yields large and persistent deviations of inflation and the interest
rate from the responses under REE.

The different role of structural shocks is also evident in Table 1, which gives unconditional
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variance decompositions of each variable under GEE (both with beliefs that are unified and those
that are not) and REE. When beliefs are assumed to be unified across agents, the largest changes
relative to REE are in the variance decompositions of inflation and the interest rate: in both cases,
shocks to beliefs themselves absorb most of the variance of each variable attributed to shocks to the
rate spread. The variance decomposition of output growth is effectively unchanged. In this case,
the empirical significance of introduction of belief deviations has been to provide a new source of
shocks.

When beliefs are allowed to differ across agents, the pattern changes. Shocks to both belief
deviations explain no more than 12% of the variances of inflation and the interest rate. A much
larger change comes through the belief deviations’ role in the propagation of structural shocks.
The change in the propagation of technology shocks causes the GEE to ascribe significantly more
of the variance of both inflation and the interest rate to technology shocks (for inflation, 67.6%
in GEE versus 9.5% in REE; for the interest rate, 54.4% in GEE versus 14.0% in REE). At the
same time, the share of the variance in output growth attributed to technology shocks declines from
87.5% to 14.6%, with shocks to firms’ beliefs taking up almost all of the difference. These variance
decompositions provide evidence that the GEE approaches the data more closely than the REE both
by allowing for additional shocks!!, and by modifying the propagation of other structural shocks.

3.3 Estimating GEE under Smets Wouters (2007)

Small New Keynesian and real business cycle models are known to lack internal propagation, and
the estimated GEE seizes upon this as a source of misspecification. What role do belief deviations
play when other mechanisms known to achieve internal propagation are added? To answer that
question, this section estimates a GEE for a medium-scale DSGE model: Smets and Wouters (2007)
(hereafter SW). This section shows the extent to which the GEE for a New Keynesian model is a
substitute for the additional mechanisms in SW, and the extent to which the GEE for SW addresses
some of the misspecification that persists in SW.

SW has been widely studied in the literature, and the derivation of its log-linearization under
REE is widely available. However, in deriving the GEE for SW, it is necessary to pay special
attention to where beliefs over future variables enter agents’ problems, and how these deviations
alter the widely-known log-linearized equations. For this reason, the appendix gives the exposition
and linearization of the GEE of SW. The five log-linearized equations where belief deviations enter

are the following:

" The belief deviation shocks are identified separately from the other shocks in large part through the presence
of the belief deviations as hidden states (guaranteed through their autoregressive structure).
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Parameter Mean 90% CIy Parameter Mean 90% CIy

NKGEE with unified beliefs SWGEE with unified beliefs
TH, 1.066 -1.269  -0.909 Fgo -1.161 -1.272 -1.043
ri, 0.343  0.091 0.620 I7o 0.484  0.222  0.722
A, 0.642 0390 0887 Iip -0.222  -0.415 -0.054
’ I 0.075 0.005 0.162
T -0.456  -0.705 -0.211

NKGEE with multiple beliefs
Household savings beliefs

rgo -0.493 -0.811 -0.130 SWGEE with multiple beliefs

Good pricing beliefs Household savings beliefs

rE, 0.848 0556 1.144 TH 0.264 0.036  0.493

1“571 0.524 0.184 0.822 Fffo 0.297 0.094 0.504

rl, 0.577 0.464 0.693 Good pricing beliefs

Fil 0480 -0.696 -0.285 TL, 0.436  0.105 0.798
rl, 0424 0195 0.677
rf 0.297  0.058  0.458
rf -0.495 -0.731 -0.111
rf, 0.192 0.036 0.304
re -0.248 -0.468 -0.020

Ceipital pricing beliefs

Wage setting beliefs

v, -0.573 -0.812 -0.277
T 0275 0.074 0.476

w,2

Figure 3: Posterior distributions for belief deviations. All prior distributions are Normal, with mean
0 and standard deviation 0.2. {Credible Interval. Only shown are estimates for which 90% credible
interval does not contain 0.
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Identification analysis by Iskrev (2010) shows that identification can be obtained by setting
ff = 0. As in the NK model, it is generally not possible to separately identify belief deviations
over individual endogenous variables. Also as with the NK model, I consider two alternatives to
identifying belief deviations. The first alternative is that all belief deviations have the same state-
contingency: [V = /7™ — pHm=¢ _ pHQ 4 pHr=C _ PLOAT 1f one assumes that all agents have
rational expectations on all objects besides inflation, and that there aren’t any aggregation wedges
or high-order beliefs, unifying beliefs implies that all agents have the same beliefs on inflation.
The second alternative is that there are four different belief deviations: ff S vha f{{ =t
f? = ff]Q—l—ff{ =L fl/v = ftL "+ This assumption allows agents to have non-rational expectations

over more than just inflation, and allows agents to disagree.

3.3.1 Coeflicient estimates

One of the goals of this paper is to see to what extent NK GEE substitutes for the mechanisms of
SW REE. To ensure the two models are as comparable as possible, I use a version of the NK model
that is just a special case of the SW model, and I estimate the non-GEE structural parameters
of the two models under the same prior distributions. Some structural parameters appear in SW
but not in NK, such as the elasticity of the adjustment cost on investment. I do not estimate
these parameters for use in the NK model. As a result, the values I estimate for the parameters
that appear in both models differ between models. Table 3 gives the priors and posteriors for the
structural parameters estimated under REE.

Table 3 gives the posteriors for the GEE elasticities in the SW model. One might expect many of
these posteriors to differ from those estimated in the NK GEE, since the NK GEE is partially taking
up some of the misspecification that SW model was engineered to address. But some coefficients

are similar. Under the assumption of unified beliefs, the elasticity of the deviation with respect to
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current inflation is negative, and with respect to twice-lagged inflation is positive. This pattern is
also observed in the NK GEE under unified beliefs. This suggests that whatever misspecification
those coefficients were ameliorating in the NK GEE under unified beliefs, that misspecification was
not entirely ameliorated with the introduction of the additional mechanisms in SW that give rise
to internal persistence.

One major difference between the NK GEE and the SW GEE is the greater range of elasticities
that can be identified. For example, investment does not appear in the NK model, but in the SW
model, the estimated elasticity of unified beliefs with respect to current investment is significantly
greater than zero (though small). As an additional example, the estimated elasticity of unified beliefs
with respect to current consumption is significantly less than zero. In the NK model, consumption
and output are identical, so the elasticities with respect to output and consumption cannot be
separately identified.

In the SW GEE with multiple beliefs, the elasticities that are estimated to be significantly
different from zero are generally different from those in the SW GEE with unified beliefs, and both
NK GEE models. This suggests that the introduction of the SW mechanisms, combined with the
ability to estimate each belief deviation independently of the rest, allows the GEE to address a more
specific source of misspecification than in the other specifications. Namely, in the NK model, the
elasticity with respect to current output is positive and lagged output is negative; in the SW model,
the corresponding elasticities for investment, and not output, exhibit the same signs. This is likely
a consequence of the fact that the NK GEE does not exploit variation in observed investment, and
instead attributes this variation in the belief deviation to variation in output instead.

However, the SW GEE with multiple beliefs does resemble the NK model with multiple beliefs
for the elasticities estimated for firms’ beliefs. Specifically, the coefficients estimated for lagged
inflation are significantly positive in both specifications. Abstracting from aggregation wedges and
heterogeneous beliefs, this could amount to evidence that the data favor deviations from REE where

agents think inflation will be more persistent than it actually is.

3.3.2 Spectral Analysis

There are many ways to assess how well a model approaches the data. In this section, I follow a
number of authors and compare the implications of the model with the data in the frequency domain.
Watson (1993), King and Watson (1996) show that a baseline RBC model’s lack of endogenous
propagation mechanisms implies that it requires a volatile and persistent exogenous process for
technology to replicate the spectral properties of the data. Wen (1998) shows that adding habit
to labor supply and an externality to labor in the production function can provide an endogenous
mechanism to help ameliorate this shortcoming. SW contains many additional mechanisms in this
vein. Tkachenko and Qu (2012) assess the SW model specifically and find that while the SW
model performs well in the spectral densities of individual series, the pairwise spectral coherences

are not always reproduced well by the model. T turn to the spectral methodologies used by these
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authors to answer two questions: 1) To what extent does relaxing REE in a NK model substitute
for the structural mechanisms which distinguish SW from NK? 2) To what extent does relaxing
REE improve upon the SW model’s ability to reproduce features of the data?

The statistical objects of interest, both in the data and in the model, are the spectral density and
spectral coherence. For a general introduction to spectral approaches to time series, see Hamilton
(1994). For greatest comparability with similar studies, I follow Tkachenko and Qu (2012) both in
notation and in the code to calculate the objects of interest. The Appendix gives expanded notes
on the derivation of these objects.

The spectral density of a time series is an estimate of how the total variance of a series can
be decomposed over frequencies. Figure 6 in the appendix indicates the nonparametric (smoothed)
spectral density estimates for each series in the data and its 95% confidence band. Superimposed
are the theoretical spectral densities for the NK REE, NK GEE, SW REE, and SW GEE models at
the posterior modes of the estimated parameters. Since the NK models do not give a prediction for
investment growth, this series is omitted for these models. Business cycle frequencies are indicated
with vertical dashed lines. The NK models (both REE and GEE) have severe problems replicating
the observed spectral densities of all series (in particular, consumption growth, output growth, and
wage growth, reproduced in excerpt in Figure 4), and the SW models (including REE) largely
ameliorate them. The performance of SW REE was discussed by Tkachenko and Qu (2012); the
GEE improves neither NK nor SW here. One possible reason for this lack of improvement for NK
is the tight implications of that model which force consumption growth and output growth to be

collinear. This is a structural consequence of NK that the GEE cannot relax.

Consumption growth Output growth

S T N

— — BC frequencies

C—195% Cl for spectrum estimate
Data spectrum estimate
—g: Model psd (NK REE

_ Model psd (NK GEE

— %— Model psd (NK GEE*)
—{— Model psd (SW REE

—3— Model psd (SW GEE

—A— Model psd (SW GEE*)

Figure 4: Spectral densities (log scale), data vs. models. *Unified beliefs.

The spectral coherence of two time series is an estimate of how the correlation between two

time series can be decomposed over frequencies. Figures 7, 8, and 9 in the appendix display the
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spectral coherences for each pair of observed series. Five excepts are given 5 below. The predicted
coherence from each model is superimposed onto the nonparametric estimate with its confidence
interval. The NK model performs very poorly here, not just because it has no prediction for
investment, but also because it predicts that consumption growth, output growth, and labor hours
are all perfectly correlated at all frequencies. One consistent feature of NK REE is its failure to
predict observed coherences at business-cycle frequencies, for example between output growth and
the interest rate, and between consumption growth and inflation. The version of NK GEE where
beliefs are unified across agent types (households and firms) does not substantially improve the
performance of the model on this dimension. However, once beliefs are allowed to differ between
households and firms, the model-implied coherences improve substantially and in the direction of
the data. The SW REE model entails predictions for these coherencies that are much closer to the
data as well. On this dimension, the GEE relaxes NK into the direction of SW. This implies that
relaxing REE can substitute for the additional structural mechanisms of SW in terms of replicating
the observed spectral coherencies between output growth, inflation, and the interest rate.

As Tkachenko and Qu (2012) document, SW REE falls short of the data in terms of several of
its implied spectral coherencies. For example, SW REE predicts coherencies between consumption
growth and investment growth, between investment growth and labor hours, and between invest-
ment growth and output growth that are all lower than the estimates from the data at business
cycle frequencies. The version of SW GEE with beliefs that differ across agents improves upon
SW REE for those coherencies, placing the model’s implications inside the confidence band of the
estimates from the data in every case. Interestingly, the SW GEE with unified beliefs resembles
SW REE more than the SW GEE with multiple beliefs; the data exploit the ability to distinguish
between mis-specification in different equations. However, this is not enough to overcome all of the
shortcomings of SW REE; in some cases, such as the coherence between consumption growth and
labor hours, SW GEE is closer to the data than SW REE but does not attain the confidence bands
of the data. In other cases, such as between output growth and the interest rate, the SW GEE
hardly improves upon SW REE at all. This implies that SW GEE is not simply relaxing the model

all the way to a VAR; there are sources of misspecification that relaxing REE cannot ameliorate.

3.4 Impulse responses and variance decompositions

Figures 11, 12, and 13 show impulse responses to structural and belief shocks. Tables 1 and 2
show unconditional variance decompositions with respect to the same. In both the impulse responses
and the variance decompositions, there is evidence for a different role for a production technology
shock in GEE as opposed to REE: it gives rise to more inflation, less consumption growth, and
a more severe labor response. The firm belief shock also absorbs a substantial fraction (between
a quarter to a third on average) of the variance of all endogenous variables. This shows the data

favor a role for belief deviations that both propagate structural shocks and are a source of shocks
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themselves.

A few of the impulse responses to structural shocks differ significantly between GEE and REE.
For example, the response of investment to a positive TFP shock under GEE is severely dampened
relative to REE, and the response of inflation under GEE to a TFP shock becomes significantly
positive after 15 quarters. These results highlight the fact that relaxing REE may fundamentally
change the predicted responses to structural shocks. Future work on estimating GEE may use
information on impulse responses as an input to the formation of the priors over belief deviation
elasticities, to the extent that the responses to certain structural shocks can be identified in other

ways.
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Shock NK REE NK GEE* NK GEE SW REE SW GEE* SW GEE
Output growth

Production technology 87.49 84.34 14.55 17.40 15.25 9.08
Rate spread 3.68 3.38 2.58 17.18 23.17 14.00
Monetary policy 8.83 10.71 3.39 5.97 7.95 4.43
Government spending 28.23 29.93 21.14
Investment technology 15.48 14.52 12.48
Goods markup 3.30 1.26 1.04
Labor markup 12.45 3.69 0.97
Unified beliefs 1.56 4.23

Household savings beliefs 13.50 1.87
Good pricing beliefs 65.97 33.36
Capital pricing beliefs 0.15
Wage setting beliefs 1.49
Inflation

Production technology 9.48 15.92 67.62 3.10 6.27 17.49
Rate spread 66.97 19.78 11.50 0.56 2.43 2.12
Monetary policy 23.55 13.06 3.63 3.43 1.91 1.62
Government spending 0.70 1.34 8.05
Investment technology 3.27 9.59 23.31
Goods markup 15.09 3.24 1.99
Labor markup 73.84 24.73 10.97
Unified beliefs 51.24 50.49

Household savings beliefs 10.50 0.28
Good pricing beliefs 6.75 28.36
Capital pricing beliefs 0.44
Wage setting beliefs 5.37
Interest rate

Production technology 13.95 19.24 54.41 8.39 12.71 22.34
Rate spread 80.26 30.29 14.80 5.73 3.58 3.60
Monetary policy 5.79 7.94 14.25 11.36 19.05 10.25
Government spending 2.80 3.29 10.81
Investment technology 16.24 26.86 9.01
Goods markup 4.55 1.27 2.67
Labor markup 50.94 17.98 10.75
Unified beliefs 42.53 15.27

Household savings beliefs 11.79 0.33
Good pricing beliefs 4.75 27.78
Capital pricing beliefs 0.12
Wage setting beliefs 2.34

Table 1: Unconditional variance decompositions, holding shock processes and structural parameters
constant. *Beliefs are unified over all agent types.
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Shock NK REE NK GEE* NK GEE SW REE SW GEE* SW GEE
Consumption growth

Production technology 6.12 4.72 5.86
Rate spread 47.39 62.83 42.28
Monetary policy 11.57 13.28 8.55
Government spending 2.13 1.58 5.25
Investment technology 1.46 1.30 7.31
Goods markup 3.37 1.04 0.61
Labor markup 27.96 8.78 2.51
Unified beliefs 6.47

Household savings beliefs 8.00
Good pricing beliefs 16.93
Capital pricing beliefs 0.08
Wage setting beliefs 2.64
Investment growth

Production technology 6.13 6.24 1.09
Rate spread 2.27 3.18 3.70
Monetary policy 2.37 4.17 2.05
Government spending 0.82 0.87 2.36
Investment technology 80.26 79.78 29.52
Goods markup 2.70 0.89 1.85
Labor markup 5.46 1.62 0.76
Unified beliefs 3.26

Household savings beliefs 0.33
Good pricing beliefs 56.44
Capital pricing beliefs 0.54
Wage setting beliefs 1.36
Wage growth

Production technology 3.56 4.51 10.71
Rate spread 0.91 1.31 1.35
Monetary policy 1.37 2.67 0.75
Government spending 0.09 0.26 2.20
Investment technology 1.60 1.60 8.20
Goods markup 14.12 18.02 0.61
Labor markup 78.36 66.60 11.30
Unified beliefs 5.02

Household savings beliefs 0.31
Good pricing beliefs 19.05
Capital pricing beliefs 0.33
Wage setting beliefs 45.20
Labor

Production technology 1.69 5.09 28.56
Rate spread 1.61 4.51 2.59
Monetary policy 2.12 7.51 3.12
Government spending 8.32 13.06 9.72
Investment technology 6.64 8.13 12.03
Goods markup 3.35 1.07 1.68
Labor markup 76.27 53.85 10.72
Unified beliefs 6.79

Household savings beliefs 0.29
Good pricing beliefs 28.67
Capital pricing beliefs 0.05
Wage setting beliefs 2.57

Table 2: Unconditional variance decompositions, holding shock processes and structural parameters
constant. *Beliefs are unified over all agent types.
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4 Conclusions

As Woodford (2013) argues, there is a large number of plausible departures from rational ex-
pectations equilibrium (REE), but as of yet little empirical guidance between them. This paper
proposes an equilibrium concept, the generalized expectations equilibrium (GEE), in which devia-
tions from REE are generic functions of current and lagged observables. Starting from a benchmark
structural model, these deviations change the propagation of shocks in equilibrium in a way that
can be identified from the data. While similar to a DSGE-VAR, the GEE is more restrictive because
it relaxes only the equations where expectations enter. In posing relatively tight priors on the elas-
ticities of the belief deviations, this paper has shown the direction in which the aggregate data push
when the assumption of REE is gently relaxed within both a canonical three-equation New Keyne-
sian model and the medium-scale Smets Wouters (2007) model: namely, the data favor deviations
observationally equivalent to those where firms believe lagged inflation and current investment are
more strongly associated with future inflation than they really are in equilibrium. Not surprisingly,
with greater flexibility, the model approaches the data more closely, particularly in terms of the
spectral coherences between output growth, investment growth, and the interest rate. The GEE
within the simpler NK model substitutes for some of the structural mechanisms in the SW model.
The GEE also improves upon SW, through a combination of shocks to beliefs themselves and the
role that deviations from REE change the propagation of other structural shocks. But the GEE
does not ameliorate all misspecification, even within the more sophisticated SW model. Adding
more observations on survey data (particularly of firms, as in Bachmann and Elstner (2013)) may
help refine the estimation, at the expense of limiting the role for higher-order beliefs or aggregation
wedges. Adding more prior information on the propagation of structural shocks identified in other
ways may also help refine the estimates. Finally, determining the “optimal” prior over the size of

the deviations from REE remains for future work.
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A Appendix for Online Publication

A.1 Derivation of belief deviation for sticky information model

First, consider a firm allowed to choose a price in period t, whose information was acquired in period t — k.
This firm faces the same problem as a firm in the standard New Keynesian setup; it knows that its future prices
and quantities are subject to Calvo nominal rigidities. Once this firm’s price is stuck, the quantity it produces is
determined by the demand curve for its good. The only difference between this firm’s problem and the standard
problem is the date of the information set at the time of its pricing decision.

maxEy_y, > &Ei15 (PuYiss; — Ory;Yiets) (39)
i,k,t
k. =
—(14Xp)/X
Pit ) P P
’ (40)

st Vi = Yigj (B+
J

The first-order condition of this problem is the same as that of the standard problem, with the only difference being
the date of the information set. The firm’s optimal price py; will be the ratio of K} ; and F} ., where

Kie = B (1 + M) EYi0; + BE Be i K pam (41)
Fre=E_ 5 Y, + 5prt—ka,t+17Ttl_|/r>1\p (42)

In log-deviations,
Pt = By ((1 — BE)0s + BEp(Pri1 + ﬁ-t-‘rl)) (43)

In log-deviations, the average desired price among all firms who can update their price at time ¢ is a weighted average
of the desired prices of firms whose information sets were updated k = 0, ..., 0o periods ago.

Pr=AY_ (1= N P (44)
k=0
=AY (1=NEy ((1 — BE)Dr + B (Drir + th+1)) (45)
k=0
In a GEE, the following relationship holds:
P = (1= BE)01 + BEE(pryr + Frer) + T (46)
(47)

Therefore, solving for the deviations,

PF =AY (1= N Bk = B (1= BE))D0 + B (Brva + F14)) (48)
k=0

A.2 Estimation of spectrum and spectral coherence

The exposition here is largely taken from Hamilton (1994) and Tkachenko and Qu (2012).

Let the sample time series X; and Y; run from ¢t = 1 to t = T. Let M = =1 and the series wj = 23?” for

2
j=1.M.Let py = # Zf;lYt Let

Ser () = 3 D0 (X = ux) (Vi — )
t=j+1
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be an estimate of the cross-covariance of X; and Y; at lag j. Calculate the sample cospectrum as

1
27

T-1
éxy(w) = )+ Z Axy () + ’YYX(]))COS(WJ)
j=1

and the quadrature sample spectrum as

1 T-1
ixyWw) = (Ix,v (7)) = Av,x (4))sin(w;)

j=1

Let the smoothed analogues of éx,y (w) and §x vy (w), respectively, be

ey (w § W(k)ex,y (wj+k)
k=—k

and
K

Ixy W) = Z W(k)gx,y (wjtr)

k=—k
where the weight function W (k) is a Daniell kernel.'2
The quantity ¢ y (w) is the estimate of the population spectrum of X. The 95% confidence intervals for the log

of ¢ x(w) are

P 1/2
log(&%. x (w)) £ 1.96 ( > W(k)2>

k=—k

Calculate the spectral coherence between X and Y as

s s 1/2
(By (@) + @5y (@)2)Y

(@(,X(W@QY(@) v

I7x,y ()] =

The 95% confidence intervals for |fx,y (w)| are

Fxy (@) £ 221 WR 3 w? "
Fxy (w 7 —IFxy k;ﬁ

12Tkachenko and Qu (2012) also use a this kernel.
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A.3 Full statement of GEE for a New Keynesian Model
A.3.1 Full equilibrium conditions
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A.3.2 Scaling for stationarity
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A.3.3 Steady-state
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A.3.4 Log-linearization
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A.3.5 Log-linearization as in code (a modification of SW 2007)

G =y + Ly (95)
Tﬁct -0 (96)
Oy = 1y — ay (97)

. =& - . N g
= ( gp’)/?)( EP) (1915) + 'YﬂEt [7Tt+1] + 'yﬂff’w (98)
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k=0 (99)
ksy =0 (100)
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it =0 (102)
Q=0 (103)
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0= 0céy + oyly — iy (105)
Pt = prie—1 + (1= pr)(@nfte + Sy (Gt — 97)) + bay (G — 9f — Je—1 + Ji_1) +Ere (106)
e =& (107)
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A.3.6 Log-linearization in canonical form
1—&B)(1 — ) . _ pn
T = ( fpV?)( ) (e + )9t — (1 + o1)ar) + YBE; [mpa] + (1 — fp)VﬁFf’H (109)
P

—ocf = by + 7 + B [—0cft1 — Te1] — ff’ﬂ_g (110)
o = pr(Fe—1) + (L= pe) (7} + Onfre + Sy (G — 97)) + Gy (Ge — 9f — Ge—1 + 9i_1) +Ere (111)
exg processes (a,b) (112)

Identification alternatives:

1. f‘tU = f‘f’ﬁ = f‘fl T=%. All agents share the same belief deviation, and the deviation is identified to be on
inflation.

2. DF =Pt PH — PET=8 Two different belief deviations, potentially differing across agents, but where the
targets of the mistaken beliefs are not identified among (p, 7, and £).

A.3.7 Simplification and closed form solutions

Simplify as in the text: set v =1, 0. = 1, ¢a, = 0, and assume that deviations are functions of current output,
current inflation, and a shock:

36



(1 -&B) (1= &) +a1)

™= 3 (¢ — @) + BE [mes1] + (1 = &) ALY (113)
e = —by — 1 + By [fr41 + Frga] + T (114)
Pe = prie—1 + (L= pr) (P + OnTe + Gy (Gr — U7)) + Ere (115)
Gt = pPali—1 + Ea (116)
by = pobe—1 + éb.e (117)
O =T+ Ty + epn (118)
rf = Ffj@t + 57 +epry (119)

Suppose the natural rates are determined as the counterfactual where &, = 0, there are no rate spread shocks,

and there are no belief deviations. Then §; = a; and 7} = Ey(§;1) — 9 = (pa — 1)as. Let k = (1_5p)(1_f5p)(1+0l).

This implies:

M = £(Ge — du) + BE; [men] + (1= &)L (120)
Gr = —by — iy + By [fe1 + Fea] + 17 (121)
= prie—1 + (1= pr)((pa — D)az + ¢xfte + by (9t — ar)) + €t (122)
Qp = pali—1 +E€at (123)
l;t = pbl;t—l +épt (124)
T =THg +THx + ern (125)
If =TFg +Ta + err s (126)

To solve for equilibrium, postulate the following policy functions and use the method of undetermined coefficients:

Ut = gdag + g%t + g¥érs + ghéru 4 + ghérr 4 (127)
o= gTar + gFby + g ér s 4+ gérn ¢ + gére (128)
o= ghay + ghby + Ghérs + ghérm g + ghérr, (129)
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The solution:

c=1-T] =Tk + ¢, + rox — B(1 = &) (LA =T + ¢y) + Ty (TF — 6r)) (130)
9y =1+ (T (1= BTE(1 = &) + BT, (1 = &)(TF — b)) /c (131)
g9a = (T k+ BL, (1= &) (14 ¢y))/c (132)
Yo =Pa— 1+ (9% —1) + drgy (133)
g = (BTE(1—&)—1)/c (134)
g5 = —(k+ BT (1=&))/c (135)
9y = Sy9y + O=9p (136)
gy = (Brr(1-&)—1)/c (137)
gr = —(r+ BT, (1=¢))/c (138)
9r =1+ dyg! + dngy (139)
gt = (1= BTE(1 = &))/c (140)

(141)
(142)
(143)
(144)
(145)

95 = —(k+ AT (1= &))/c 141
9u = Dy9n + xR 142
gh = B = &)(T7 = ) /e 143
9F =B = &)1 =T} +¢y)/c 144
9r = $y9p + PxgF 145
When the belief distortions are functions of shocks alone, and have no state-contingency (Fff =T = F5 =
'Y = 0), the policy functions reduce to more familiar forms:
c=1+¢y+ Kkor (146)
94 = (147)
=0 (148)
9o ="Pa—1 (149)
gl = —1/e (150)
- (151)
9b = Pugy + Oxgp (152)
gy =—1/c (153)
gr = —r/c (154)
9r =1+ ¢ygi + Orgy (155)
gp = 1/c (156)
9ir = —K/c (157)
9h = by9p + Oxgh (158)
9p = =B = &)éx/c (159)
9p = BL =&)L+ ¢y)/c (160)
9r = bygp + OrgF (161)
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A.4 Full statement of GEE for Smets Wouters (2007)
A.4.1 Full equilibrium conditions

Pt—l/kp,t =(1- gp)jjt—l/)\pm + gp(ﬂtbzil,n_lfbpptil)*l/%,t (162)
Yi(i) = a: K (1) (7' Lo (i)'~ — v @ (163)
(1—a)RFK; = aW, L, (164)
O = a (1 — o) TIW ARy (1m0 (g,) ! (165)
m=P,/Pi_; (166)
Xppps =1if s =0,I_m7, m " if s> 0 (167)

- —(A4+Xp,t45)/ Ap,tts
Viis =Y, (Pt;(“*> (168)

t+s

. SirsPr Yigs .
0=Ef (fpﬁ)sigﬂr‘ Lo [Xt,t+sPt = (14 Apt+s)Otys (169)
—'tPtJrs )\p,t+s

s=0
: 1
PR A amy
t—
K8 = UKoy (171)
— Oc — 1 o —0
¢ = exp (]_(.—"—OYL%J’_ l> (Ct - )\Ct_l) ¢ (172)
Wh
Zt = (Cy — hCy_1)LY" (173)
Py
=, = b R EH {:t“} (174)
T+1
I I I . I L\’
— —k t ’ t ¢ H |=k s [ L1 t+1
=== — — E7 2 175
¢ ¢ Lt (1 S(It_1> S (It—1> (It—1>> +BE |Efame+1S ( I, ) ( I, ) ] (175)
=k H | —= R?*Fl =k
Sf =P (B | 5 Ut — a(Ue) | + 504 (1-9) (176)
t+1
Ry _
it 177
5= (Uy) (177)
X, =1if s =0,I_ymy,_jml~v if s > 0 (178)
AW e s BB P N i h
0= BN G ey X Wi = (L M) W, (179)
WAt = (1 €W 4 it = W) VA (150)
. 1=pr
R _ (R \"” (ﬂ)d”' v, \ % Ye/Yi1 \* as1)
r\m ) \Yp Y/ '
Y% = Ct + It + Gt + G(Ut)]?t,1 (182)
exg processes (AN, AV a,b, 1, g) (183)
(184)

A.4.2 Scaling for stationarity

ky = Kt/’Ytawt = Wt/(Pwt),rf = R?/Ptagt = Et’YQt
W’y7wﬂrk7197ﬁ’k)ks?é-’L7r7i7€k’U7/lI)’wh7c
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~—1/Xp¢ Lp —1, —1\— '
1=(1-5&)p Mot Ep(mym! ) e, (185)
yr = ath{“L; " — @ (186)
(1 —)rfki = aw, L, (187)
By = a~ (1 — )" =Dyl k (g) ! (188)
) B ﬁitnleﬂ'éilflﬂ'iiw _(1+/\p,t+5)/>‘p,t+s
Yits = Yt+s TERE (189)
_ 0o . s ﬂ_Lp 7_(_1pr
0= EF €, 8y sSt+s Ytts 1=1"41-1""% 50— (14 )\
t ;( pPY ) & )‘p,t—i-s H?:17Tt+l Dt ( + p,t+s)19t+s (190)
ke = (1— ki /vy +pe |1— 8 [ 22 ] 4 (191)
-1
ki = Uki—1 /vy (192)
_ Oc — 1L1+0l -0
& = exp 1+o, (et = heg—1/y) % (193)
wl = (e — her1 /1)L (194)
_ —0. H §t+1
& = By bRy Ey [m+1] (195)
B ity ity ity g i i ?
& = & (1 -8 () -5 <) ()) 4+ By o EH | ¢k o (T [y
t i1 i1 1 By PR ES Ry A it it (196)
k —0c I
& =By 7Bl [ (rf Ui — a(Uin)) + €81 (1 = 6)] (197)
i =d/(Uy) (198)
(oo} L
_BW 1oomsStrs Leps [ Hiogmlqm"
0=E; Z}O(fwm S o | im0 (o Awuly, (199)
(we) Aot = (1= &) () /A0t 4 & (gt T pwy ) e (200)
1—pr
It (Tt—l)p% (E)(wa Y I Ye/Yt—1 Pav
r* * T y: yz/yz:_l Ert (201)
Yt = C¢ + it + gt + G(Ut)k’t_l/’}/ (202)
exg processes (AP, A\Y a,b, i, g) (203)
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A.4.3 Steady-state

Il
h=h

By~

_ a(ks)aLlfoc — P
(1—a)dak® L™
(1- a)rkkzs = awl

9 = a—a(l _ a)—(l—a)wl—arka(a)—l

g @ @ ~
Il

y=y
p= (1+/\p)19
E=(1-=98k/y+i
k* =Uk/~
06_1 o —0o
& =exp (1 s A l) (¢ — he/y)~7¢

wh = (1 — h/y)cL”

L= py~%r [1]
s

¢=¢k

L=y [r* + (1= 0)]

rk = a/(U)
a(U)=0

a=1

b=1
S'(v)=0

p=1

W= (14 Ay)w"

w=w

y=c+i+g

exg processes (N, A\, a,b, 1, g)
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A.4.4 Log-linearization

0= (1 - fp)lgt + gp(Lprtfl - 7Tt)

= (a + ok + (1 - a)Ly) (M)

Ui
Yy
’r'kt + k;st = ’lbt + f/t
Dy = (1 — )i, +ark, —a,
1 2 Ap % 3 ¢ VB 2 A A ¢ VB ~F.p
—Dy = A 9 =7 B — _ _SpTE pEptm
1 —é};’yﬁpt 11, p,t TV + 165 t [pt+1 (tpTry 7Tt+1)] + 1608 t
. 1-6- —149 )
ke = 5 ki1 + 77(#1& + 1)
kASt =U, + /Aftfl
(1= h/y)& = (0c = 1)(W"L/c) Ly — 0cét + 0c(h/7) -1
(1= h/y)whs = & = (h/7)é1 + or(1 = h/7) Ly
ét = Z)t + ft + Et |:ét+1 — 7A1't+1:| — f‘f’ﬂ—_g
z [ S 1 s 2 ; By ~Hi
= W(ﬁt =&+ )+ m(zt—l +BvE[iea]) + m B,}/Ft '
k= BE " (G + h0) + €60 (1 - 6)] + BETS
rkrk, = o',

w 2 kN ~ @wa’B 2 ~ ~ ’Lbfw’YB L, 0+
- :)\w h)\w 1 )\w h,~h _HwiP g — (tw . 771—\’4-
T = M e (L Aol TG [ — (e = Fi)] + T2 TR

Wy = (1 — &)Wt + (b Trp—1 — T + We—1)
Pt = prie—1 + (1= pr)(PaTe + &y (9t — 07)) + Gay(Jt — UF — Ge—1 + Jf—1) +Ert
Yl = &y + iy + gg + kU,

exg processes (AP, Y a,b, i, g)
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A.4.5 Log-linearization, solved for form given in SW 2007

N . P
U = (ar + akss + (1 — ) Ly) (yz ) (222)
rky + ks = by + Ly (223)
e = (1— a)i, +ark, — (224)
_ 1-&78)(1 — A 7 5 - N
(L4 vBep) Tty = tpfre—1 + ( &78)( &) L Apt + V¢ | +VBE: [Toqa] + 7ﬁrf’p+ﬂ (225)
& 1+,
. 1-6- —144 .

ky = k1 + 7 (pee +3¢) (226)
Esy = Uy + ey (227)
—0e(1+h/y)ér = —oc(h/7)ér-1 + (1 = h/y) (b + 71 — Byl ] — T7F) (228)
+ (00 — D(w"L/c)(B, [itH] L) — 0uBy [er41] (229)

A 1 ~ . 1 4 > 2 B’Y ~H,i
"= g Q¢ + 1) + 55 (it—1 + ByEe[ita]) + i B,}/Ft (230)
Qv = ~bu = (o = Balfria] = D776) + BB, [r(7ka) + Qua (1 = 9)) + AL (231)
T‘k’ljkt = a”Ut (232)

2 ~ ~ 1- w 1- w 3 )\w N 1 N A - A

(14 By)y — y—q = 1-¢ )éw SYalE) (1 W Aw,t + m(ct — (h/y)éi—1) + o1l — wt) (233)
+YBE [i11 + Fera] + twfeo1 — (14 Bu)fy + BT (234)
Pe = prie—1+ (1= pr)(PaTe + Gy (9t — 07)) + Oay(Je — f — Ge—1 + Gf—1) +€re (235)
yhe = céy + ity + gge + r*E°T; (236)
exg processes (AP, A"V, a,b, u,g) (237)

Identification alternatives:

1. TV = pfotm — pHr=8 _ pHQ 4 pH7=8 _ PLAOTT Al agents share the same belief deviation, and the
deviation is identified to be on inflation.

2. DF =ppptr pH — pHm=t 7@ _ piQ  phm=t pW _ pLOHT. Bour different belief deviations, potentially
differing across agents, but where the targets of the mistaken beliefs are not identified among (5, 7, &, 7%, Q,
and w).

A.5 Full estimation results
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Prior Posterior (NK) Posterior (SW)

Distr Mean St. Dev. Mean St. Dev. Mean St. Dev.
%) Normal 4.00 1.50 5.80 1.03
O Normal 1.50 0.37 2.29 0.27 1.39 0.14
h Beta 0.70 0.10 0.71 0.04
Ew Beta 0.50 0.10 0.70 0.07
oy Normal 2.00 0.75 1.67 0.78 1.82 0.61
& Beta 0.50 0.10 0.68 0.05 0.65 0.06
Lw Beta 0.50 0.15 0.58 0.13
Lp Beta 0.50 0.15 0.23 0.09
pst Beta 0.50 0.15 0.56 0.12
Phi Normal 1.25 0.12 1.62 0.08
T Normal 1.50 0.25 1.75 0.18 2.05 0.18
p Beta 0.75 0.10 0.58 0.08 0.81 0.02
Ty Normal 0.12 0.05 0.14 0.05 0.09 0.02
TAy Normal 0.12 0.05 0.14 0.05 0.22 0.03
Ty Gamma, 0.62 0.10 0.92 0.12 0.77 0.11
100(B~1 —1) Gamma 0.25 0.10 0.14 0.05 0.17 0.06
I Normal 0.00 2.00 0.49 1.07
~ Normal 0.40 0.10 0.31 0.05 0.43 0.01
« Normal 0.30 0.05 0.20 0.02
Pa Beta 0.50 0.20 0.99 0.00 0.96 0.01
Db Beta 0.50 0.20 0.90 0.03 0.24 0.08
Pg Beta 0.50 0.20 0.97 0.01
Pi Beta 0.50 0.20 0.72 0.06
Dr Beta 0.50 0.20 0.35 0.08 0.15 0.06
Pp Beta 0.50 0.20 0.89 0.05
Puw Beta 0.50 0.20 0.97 0.01
p Beta 0.50 0.20 0.71 0.09
oy Beta 0.50 0.20 0.85 0.05
Pga Beta 0.50 0.20 0.53 0.09
Oa InvGamma  0.10 2.00 0.97 0.06 0.45 0.03
oy InvGamma  0.10 2.00 0.08 0.02 0.23 0.02
Oy InvGamma  0.10 2.00 0.53 0.03
o; InvGamma  0.10 2.00 0.45 0.05
o InvGamma  0.10 2.00 0.39 0.04 0.24 0.01
Op InvGamma  0.10 2.00 0.14 0.02
Ow InvGamma  0.10 2.00 0.25 0.02

Table 3: Non-GEE parameter estimation.

44



Consumption growth

Investment growth

— — BC frequencies

/1 95% Cl for spectrum estimate
Data spectrum estimate
—g: Model psd REE
_ Model psd (NK GEE
— ¥— Model psd (NK GEE*)
—{— Model psd (SW REE
—Z: Model psd (SW GEE
— Model psd (SW GEE*)

Figure 6: Spectral densities (log scale), data vs. models. *Unified beliefs.
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